In this paper we develop the geometry of bounded Fréchet manifolds. We prove that a bounded Fréchet tangent bundle admits a vector bundle structure. But the second order tangent bundle T 2 M of a bounded
Introduction
The geometry of Fréchet manifolds has received serious attention in recent years, cf. [3] for a survey. In particular, second order tangent bundles have been studied due to their applications in the study of second order ordinary differential equations that arise via geometric objects (such as autoparallel curves and parallel translation ) on manifolds (see [1] , [2] ). However, due to intrinsic difficulties with Fréchet spaces only a certain type of manifolds was considered, namely those Fréchet manifolds which can be obtained as projective limit of Banach manifolds (PLB-manifolds). It was proved that the second order tangent bundle T 2 M of a PLB-manifold M admits a vector bundle structure if and only if M is endowed with a linear connection (see [4] ).
Some of the basic issues in the theory of Fréchet spaces are mainly related with the space of continuous linear mappings. Indeed, the space of continuous linear mappings of one Fréchet space to another is not a Fréchet space in general. On the other hand, the general linear group of a Fréchet space does not admit any non-trivial topological group structure. This defect puts in question the way of defining vector bundle. Another drawback is the lack of a general solvability theory for ordinary differential equations. Because of these reasons, in the framework of Fréchet bundles an arbitrary connection is hard to handle.
As remarked, there is a way out of these difficulties for Fréchet manifolds which can be obtained as projective limit of Banach manifolds. There is another way to overcome aforementioned problems: Recently, in the suggestive paper [15] , Müller introduced the concept of bounded Fréchet manifolds and provided an inverse function theorem in the sense of Nash and Moser in this category. Such spaces arise in geometry and physical field theory and have many desirable properties. The space of all smooth sections of a fiber bundle (over closed or non-compact manifolds) which is the foremost example of infinite dimensional manifolds, has the structure of a bounded Fréchet manifold, see [15, Theorem 3.34] . As for the importance of bounded Fréchet manifolds, we refer to the paper [6] , where it was obtained the Sard's theorem in this category. The theorem states as follows: Let M resp. N be bounded Fréchet manifolds with compatible metrics d M resp. d N modelled on
Fréchet spaces E resp. F with standard metrics. Let f : M Ñ N be an M C k -Lipschitz Fredholm map with k ą maxtInd f, 0u. Then the set of regular values of f is residual in N .
One of the essential ideas of this setting is to replace the space of all continuous linear maps by the space a topological group and has satisfactory properties. For example, the composition map
Gq is bilinear continuous. In particular, the evolution map L g,d pE, F qˆE Ñ F is continuous.
Our goal in this paper is to extend to bounded Fréchet manifolds the known results of Fréchet geometry.
We define the tangent bundles T M and T 2 M of a bounded Fréchet manifold M modelled on a Fréchet space F and prove that they are endowed also with bounded Fréchet manifold structures of the same type modelled on F 2 and F 4 , respectively. In addition, we show that T M admits a vector bundle structure, so we are able to define a connection on T M via a connection map (cf. [16] , [17] ). We shall interpret linear connections as linear systems of ordinary differential equations on trivial bundles. Our main result is that T 2 M admits a vector bundle structure if and only if M is endowed with a linear connection. We conclude by proving the existence and uniqueness of the integral curve of a vector field on M .
It turned out that bounded Fréchet manifolds are easier to handle in contrast with PLB-manifolds, since for the latter manifolds it is necessary to establish the existence of the projective limits for various geometric objects. Also, in contrast to infinite dimensional convenient manifolds (see [12] ), the topology of bounded Fréchet manifolds is rather simple. The infinite dimensional geometry of convenient manifolds is well developed.
However, to get as much geometrical structure as possible on convenient manifolds, we need to define the notion of manifold as having an atlas consisting of charts. But this limits Cartesian closedness of the category of manifolds. There is another drawback in the convenient setting: There are two kinds of tangent bundles, and vector fields (kinematic and operational). But operational vector fields do not have integral curves, and for a given kinematic vector field integral curves need not exist locally, and if they exist they need not be unique for a given initial value.
Prerequisites
In this section we summarize all the necessary preliminary material that we need for a self contained presentation of the paper. For detailed studies on bounded Fréchet manifolds we refer to [6] , [10] and [15] .
We denote by pF, dq a Fréchet space whose topology is defined by a complete translational-invariant metric d. We define f d -dpf, 0q for f P F and write L.f instead of Lpf q when L is a linear map between Fréchet spaces. A metric with absolutely convex balls is called standard metric. Note that every Fréchet space admits a standard metric which defines its topology: If α n is an arbitrary sequence of positive real numbers converging to zero and if ρ n is any sequence of continuous semi-norms defining the topology of F . Then
is a metric on F with the desired properties.
As mentioned in the Introduction, we replace the space of all linear continuous maps between Fréchet spaces by the space of all linear Lipschitz continuous maps. Let pE, gq be another Fréchet space and let L g,d pE, F q be the set of all globally linear Lipschitz continuous maps, i.e. linear maps L : E Ñ F such that
We
is a translational-invariant metric on L d,g pE, F q turning it into an Abelian topological group (see [10, Remark 1.9] ). The latter is not a topological vector space in general, but a locally convex vector group with absolutely convex balls. We shall always equip Fréchet spaces with standard metrics and define the topology on
pF, Eqq are defined by induction. Let U be an open subset of E and let P : U Ñ F be a continuous map. Define a linear map
and write P 0 " P if it is continuous. We say P is an M C 1 and write
if V Ď U is a connected open neighborhood of x 0 P U , then P 1 pV q is connected and hence contained in the
again a map between subsets of Fréchet spaces. This enables a recursive definition: If P is M C 1 and V can be chosen for each x 0 P U such that
We make a piecewise definition of
We shall denote by D, D 2 the first and the second differential, respectively.
A bounded Fréchet manifold is a Hausdorff second countable topological space with an atlas of coordinate charts taking their values in Fréchet spaces, such that the coordinate transition functions are all M C 8 -maps.
We will need to consider the space of all globally Lipschitz continuous k-multilinear maps. We always equip the topological product of countably many Fréchet spaces with the maximum metric.
Let pF 1 , d 1 q, . . . , pF k , d k q and pF, dq be Fréchet spaces. The space of all globally Lipschitz continuous kmultilinear maps is the space of all k-multilinear maps L :
We define on the latter space a metric
which makes it into an Abelian topological group.
Throughout the paper, we suppose d 1 , . . . , d k , d are fixed and omit the indices to simplify the notations.
Lemma 2.1. There are canonical topological group isomorphism
where pi 1 , . . . , i k q is a permutation of p1, . . . , kq.
Proof. Define
L is linear and group isomorphism. Since K is linear to prove continuity of K and its inverse we only need to show L " p L . By straightforward verification we have:
Likewise, other isomorphisms are proved.
Convention. The terms bounded Fréchet tangent bundle and bounded Fréchet second order tangent bundle are too long, so we remove "bounded Fréchet" from the terms.
Constructions of T M and T 2 M
In this section we construct T M and T 2 M based on the work of Yano and Ishihara [18] .
Tangent bundle.
Let M be a bounded Fréchet manifold modelled on a Fréchet space F . Let MC p pM q be the set of all M C 8 -mappings f : R Ñ M which send zero to p P M . We define on MC p pM q an equivalence relation " as follows:
Let Φ " tpU α , ϕ α qu αPA be a compatible atlas for M , pp P U α , ϕ α q an admissible chart, and f , g P MC p pM q. Let r be a fixed natural number. We say that f and g are equivalent and write f " g if they satisfy the following:
where r runs over the set of natural numbers. It follows from the chain rule for M C k -maps (see [ (
diffeomorphism of open sets of Fréchet spaces. The tangent map
T h : UˆF Ñ VˆE is a local vector bundle isomorphism.
(ii) By the previous part and the definition of the tangent map, T h˝T h´1 " T id T N while T h´1˝T h " T id T M .
(iii) T h is a local vector bundle morphism. Since h is diffeomorphism it follows that pT hq´1 " T ph´1q is a local vector bundle morphism, thus T h is a vector bundle isomorphism.
(iv) Let C be a curve passing through u P U such that D Cp0q¨1 " e for a given e P F . Define the map ηptq : R Ñ E by ηptq " u`et which is tangent to C at t " 0. Define λ : UˆF Ñ T u M by λpu, eq " j 1 u pηptqq. We have pT h˝λqpu, eq " T h¨j 1 u pηptqq " j 1 hpuq ph˝ηptqq. Also we have pλ˝h 1 qpu, eq " λphpuq, D hpuq¨eq " j 1 hpuq phpuq`pD hpuq. eqtq. These are equal because the curves t Þ Ñ hpu`etq and t Þ Ñ hpuq`pD hpuq. eqt are tangent at 0 by the definition of the derivative and the previous parts. Therefore, T h˝λ " λ˝h 1 , which means λ identifies UˆE with T u M . Correspondingly, we can identify h 1 with T h, so the results of earlier parts imply the Statement (iv).
Proposition 3.1. Let π M : T M Ñ M be a tangent bundle. Then the atlas tpU α , ϕ α qu αPA gives rise to a trivializing atlas tpπ´1 M pU α q, T ϕ α qu αPA on T M , with
This makes T M into a bounded Fréchet manifold modelled on FˆF .
Proof. It follows from Lemma 3.1.
The definition of vector bundles for Banach manifolds applies to bounded Fréchet manifolds with evident
modifications (see [13] for the definition of Banach vector bundle). Note that the group of automorphisms, AutpF q, is a topological group ([10, Proposition 1.2 ]), so it can serve as the structure group of a vector bundle.
Theorem 3.1. T M admits a vector bundle structure over M with fiber of type F and structure group AutpF q.
Proof. Consider the above atlas of M and its corresponding trivializing atlas for T M . Let πr 1 , πr 2 be the projections to the first and the second factors, respectively. For all α P A we have πr 1˝T ϕ α " π M , therefore T M is a fiber bundle. Suppose U α X U β ‰ 0, then by Lemma 3.1 (iii) the overlap map
is a local vector bundle isomorphism. Thereby, the transition maps Θ αβ " T ϕ α˝T ϕ´1 β can be considered as taking values in AutpF q. The following
is a smooth morphism, hence all the conditions of Proposition 1.2 in [13] are verified. Thus, T M is a vector bundle over M with structure group AutpF q.
Second order tangent bundle.
Now that T M is a manifold we can define second order tangents: Assume r " 2 in the equivalence relation (2).
Let T 2 p M be the set of all 2-jets at p and let 
and can be identified with a submanifold of T pT M q, see [14, Proposition 3.2, p. 372 ]. The bundle T pT M q is a fiber bundle over M with the projection
2) be fiber bundles with the same group structure AutpF q. The fiber product is defined as usual. The bundle T pN 1ˆN2 q is canonically isomorphic to T pN 1 qˆT pN 2 q with structure group AutpFˆF q. Furthermore, if T N i are vector bundles, then their product is Whitney sum T N 1 'T N 2 (see [11] , [8] ).
Connection
In this section we define connections by using Vilms [17] point of view for connections on infinite dimensional vector bundles. Also, we show that each linear connection corresponds in a bijective way to an ordinary differential equation analogous to the case of Banach manifolds (see [16] ).
Henceforth, we keep the formalism of Section 3 for tangent bundles and second order tangent bundles. 
A connection on M is a connection map on the tangent bundle π M : T M Ñ M . A connection K is linear if and only if it is linear on the fibers of the tangent map. Locally T π is the map U αˆFˆFˆF Ñ U αˆF defined by T πpf, ξ, h, γq " pf, hq, hence locally its fibers are the spaces tf uˆFˆthuˆF . Therefore, K is linear on these fibers if and only if the maps pg, kq Þ Ñ k`τ α pf, gqh are linear, this means that the mappings τ α need to be linear with respect to the second variable.
Assume that the connection K is linear and f P U α . By canonical isomorphism (Lemma 2.1) to τ α pf, . q P LpF, LpF, F-LpFˆF ; F q is associated the unique local Christoffel symbol Γ α ppq : ϕ α pU α q Ñ LpFˆF ; F q satisfying Γ α ppqpg, hq " τ α pp, gqh. Christoffel symbols satisfy the following compatibility condition (cf. [7] ):
for all pf, g, hq P ϕ α pU α X U β qˆFˆF . Here by Θ αβ we denote the diffeomorphisms ϕ α˝ϕ´1 β of F . Proof. If we have a connection, then the connection map K : T pT M q Ñ M is defined. The following map
is diffeomorphism (see [5] ). The diffeomorphism determines a unique vector bundle structure for T pT M q over M . Let pU α , ϕ α q be a chart of M . The induced chart tpπ´1 M pU α q, T ϕ α qu in T M takes a vector bundle structure by means of the Diffeomorphism (5). Let ı :
Hence the diffeomorphism
gives the structure of a vector bundle to T 2 M . Since T 2 M is isomorphic to T M ' T M , it can be considered as a vector bundle with group structure AutpFˆF q.
The proof of the following theorem resembles to that of Banach manifolds (see [4, Theorem 2.4] ). We just
give literally the scheme of proof. Proof. Keep the above formalism for connections. Suppose a linear connection is given. Let pU α , ϕ α q and pU β , ϕ β q be charts in M . Define a map
Let A β be a map defined as above corresponds to pU β , ϕ β q. If U α X U β ‰ 0, then the compatibility condition imposes the following
In particular, we set A " A 1 : M Ñ L d pF q when the atlas is pM, id M q with Christoffel symbol Γ 1 . Letting
Now we can define dx dt " Aptq¨x; rAptqspuq " Γ 1 ptqpu, 1 M q, @u P F.
Conversely, for a given equation dx dt " Aptq¨x we define smooth maps A β ptq by Equation (9) . Now we define the Christoffel symbols Γ α ptqpu, sq " s¨rA α ptqspuq. By (8) the defined Christoffel symbols satisfy the compatibility condition, thereby the defined symbols determine a linear connection on pMˆF, M, pr 1 q.
Vector fields on T M
Having introduced tangent bundle over a manifold M , we now consider sections in these bundles. A vector field on M is a section ξ : M Ñ T M of its tangent bundle, i.e. π M˝ξ " id M . For a vector field ξ and a chart U Ă M ϕ Ý Ñ ϕpU q Ă F , the principle part ξ ϕ : ϕpU q Ñ F of ξ is defined by ξ ϕ pϕppqq " pr 2˝T ϕpξ p q. Let Proof. Since ξ is M C k , then it is bounded, say by R. Let L be a positive real number. Pick a positive real number r such that B r pp 0 q Ď U and ξppq d ď L for all p P B r pp 0 q. Let m " mint1{R, r{Lu and let t 0 be a real number. We shall show that there is a unique M C 1 -curve ℓptq, t P rt 0´m , t 0`m s such that it lies in B r pp 0 q and
The conditions ℓ 1 ptq " ξpℓptqq, ℓpt 0 q " p 0 are equivalent to the integral equation
Now define ℓ n ptq by induction ℓ 0 ptq " p 0 , ℓ n`1 ptq " p 0`ż t t0 ξpℓ n puqqdu.
The estimation on the size of integral (see [10, Lemma 1.10]) yields ℓ n ptq P B r pp 0 q for all n and t P rt 0´m , t 0`m s.
Furthermore,
Therefore, ℓ n converges uniformly to a continuous curve ℓptq satisfying (10) . Now let ptq be another solution.
By induction we obtain
Therefore, letting n Ñ 8 gives ℓptq " ptq.
Corollary 5.1. Suppose the hypotheses of the previous proposition hold. Let I t pp 0 q be the solution of ℓ 1 ptq " ξpℓptqq, ℓpt 0 q " p 0 . Then there is an open neighborhood U 0 of p 0 and a positive real number α such that for every q P U 0 there exists a unique integral curve ℓptq " I t pqq satisfying ℓ 1 ptq " ξpℓptqq for all t P p´α, αq, and ℓp0q " q.
Proof. Suppose U 0 " B r{2 pp 0 q and α " mint1{R, r{2Lu. Fix an arbitrary point q 0 in U 0 . Then B r{2 pq 0 q Ă B r pp 0 q, thereby ξpzq d ă L for all z P B r{2 pq 0 q. By Proposition 5.1 with p 0 replaced by q, r by r{2, and t 0 by 0, for all t P p´α, αq there exists a unique integral curve ℓptq such that ℓp0q " q.
Theorem 5.1. Let ξ : M Ñ T M be a vector field. Then there exits an integral curve for ξ at p P M .
Furthermore, any two such curves are equal on the intersection of their domains.
Proof. The existence follows from Proposition 5.1 by means of local representation. But that is not applicable for the prove of uniqueness since curves may lie in different charts. Let ρ i ptq : I i Ñ M (i=1,2) be two integral curves. Let I " I 1 X I 2 and J " tt P I | ρ 1 ptq " ρ 2 ptqu. J is closed since M is Hausdorff. From Proposition 5.1, J contains some neighborhood of 0. Now define δ 1 puq " ρ 1 pu`tq and δ 2 puq " ρ 2 pu`tq for t P J. They are integral curves with initial conditions ρ 1 ptq and ρ 2 ptq, respectively. By Proposition 5.1 they coincide on a some neighborhood of 0. Therefore, J contains an open neighborhood of t, so J is open. Since I is connected it follows that J " I.
